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MULTIPLICATIVE SUB-HODGE STRUCTURES OF CONJUGATE 

VARIETIES 

STEFAN SCHREIEDER 

Abstract. For any subfield K £ C, not contained in an imaginary quadratic number 
field, we construct conjugate varieties whose algebras of ^-rational (p,p)-classes are not 
isomorphic. This compares to the Hodge conjecture which predicts isomorphisms when 
K is contained in an imaginary quadratic number field; additionally, it shows that the 
complex Hodge structure on the complex cohomology algebra is not invariant under the 
Aut(C)-action on varieties. In our proofs, we find simply connected conjugate varieties 
whose multilinear intersection forms on H 2 (-,M.) are not (weakly) isomorphic. Using 
Oh' these, we detect non-homeomorphic conjugate varieties for any fundamental group and 

•^T | in any birational equivalence class of dimension > 10. 

OO 

pT! 1. Introduction 

<T^ For a smooth complex projective variety X and an automorphism a of C, the conjugate 

ri ' variety X a is defined via the fiber product diagram 

3 : x° > x 



> 



o 

CO 



X 



Spec(C) > Spec(C). 



To put it another way, X a is the smooth variety whose defining equations in some projec- 
tive space are given by applying o to the coefficients of the equations of X. As abstract 
schemes - but in general not as schemes over Spec(C) - X and X a are isomorphic. This 
has several important consequences for the singular cohomology of conjugate varieties. 
For instance, pull-back of forms induces a cr-linear isomorphism between the algebraic de 
Rham complexes of X and X a . This induces an isomorphism of complex Hodge structures 

(1) H*(X,C)®<tC jl -H*(X it ,C), 

where <8>o-C means that the tensor product is taken where C maps to C via a, see [I]. In 
particular, Hodge and Betti numbers of conjugate varieties coincide. 

The singular cohomology with Q^-coefficients coincides on smooth complex projective 
varieties with 1-adic etale cohomology. Since etale cohomology does not depend on the 
structure morphism to Spec(C), we obtain isomorphisms of graded Qr, resp. C-algebras, 

(2) ir(X,Qz)^/T(X CT ,Q0 and H*(X,C) -^> H*(X°X), 

depending on an embedding Q; £ C. Since the latter isomorphism is C-linear, it is not 
induced by ([[]). 

Only recently, F. Charles discovered that there are however aspects of singular coho- 
mology which are not invariant under conjugation: 
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2 STEFAN SCHREIEDER 

Theorem 1 (F. Charles j3]). There exist conjugate smooth complex projective varieties 
with distinct real cohomology algebras. 

It is the aim of this paper to further investigate to which extent cohomological data is 
invariant under the Aut(C)-action on varieties. 

1.1. Algebras of K-rational (p,p)-classes. For any subfield K £ C, we denote the 
space of iT-rational (p,p)-classes on X by 

H P ' P (X, K) := H P ' P (X) n H 2p (X, K); 

the corresponding graded AT-algebra is denoted by H*>*(X,K). The Hodge conjecture 
predicts that H*>*(X, Q) is generated by algebraic cycles. Since each algebraic cycle 
Z £ X induces a canonical cycle Z a £ X a and vice versa, the Hodge conjecture implies 

Conjecture 2. The graded Q-algebra H*<*(-,Q) is conjugation invariant. 

Apart from the (few) cases where the Hodge conjecture is known, and apart from 
Deligne's result [5] which settles Conjecture [2] for abelian varieties, the above conjecture 
remains wide open, see jH [T7] . 

The above consequence of the Hodge conjecture motivates the investigation of potential 
conjugation invariance of H*'*(-,K) for an arbitrary field of coefficients K 9 C If 
K = Q(iw) with w 2 e N is an imaginary quadratic number field, then the real part, as 
well as 1/w times the imaginary part of a Q(zw;) -rational (p,p)-class is Q-rational. Hence, 

H*>*(-, Q(iw)) = #*•*(- Q) ® Q Q(iw). 

It follows that the Hodge conjecture predicts the conjugation invariance of H*>*(-,K), 
when K is contained in an imaginary quadratic number field. In this paper, we are able 
to settle all remaining cases: 

Theorem 3. Let K £ C be a subfield, not contained in an imaginary quadratic number 
field. Then there exist conjugate smooth complex projective varieties whose graded algebras 
of K -rational (p,p)- classes are not isomorphic. 

By Theorem [31 there are conjugate smooth complex projective varieties X, X a with 

H*'*(X,C) £H*'*(X a X)- 

This shows the following: 

Corollary 4. The complex Hodge structure on the complex cohomology algebra of smooth 
complex projective varieties is not invariant under the Aut(C)-action on varieties. 

Corollary H] is in contrast to (pQ) and (T2]) which show that the complex Hodge structure 
in each degree, as well as the C-algebra structure of H*(-, C) are Aut(C)-invariant. The 
above corollary also shows that there is no embedding Q; <-» C which guarantees that the 
isomorphism ([2]), induced by isomorphisms between Z-adic etale cohomologies, respects 
the complex Hodge structures. 

Theorem [3] will follow from Theorems [5] and [6] below. Firstly, if K is different from M. 
and C, then Theorem [3] follows from 

Theorem 5. Let K £ C be a subfield, not contained in an imaginary quadratic number 
field. If K is different from R and C, then there exist for any p > 1 and in any dimension 
n>p+l conjugate smooth complex projective varieties X , X a with 

H P ' P (X,K) $H P > P {X U ,K). 
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It is worth noting that Theorem [5] does not remain true if one restricts to smooth 
complex projective varieties that can be defined over Q, see Remark [TBI 

Next, the case K = R in Theorem [3] follows from the case where K = C since 

H*'*(X,R) <8> R C^ H*'*(X,C) 

holds; so it remains to deal with K - C. As the isomorphism type of the C-vector space 
H P ' P (-,C) coincides on conjugate varieties, we now really need to make use of the algebra 
structure of H*>*(-,C). Remarkably, it turns out that it suffices to use only a very little 
amount of the latter, namely the symmetric multilinear intersection form 

H 1 > 1 (XXY n — > H 2n (X,C), 
where n = dim(X). We explain our result, Theorem |6j below, in the next subsection. 

1.2. Multilinear intersection forms on iif ljl (-,i^) and H 2 (-,K). We say that two 
symmetric i^-multilinear forms V® n -> K and W® n -> K on two given iC-vector spaces 
V and W are (weakly) isomorphic if there exists a X-linear isomorphism V = W which 
respects the given multilinear forms (up to a multiplicative constant). If K is closed under 
taking n-th roots, then weakly isomorphic intersection forms are already isomorphic. 

For a smooth complex projective variety X of dimension n, cup product defines sym- 
metric multilinear forms 

H l ' l {X,K)® n — + H 2n {X,K) = K and H 2 {X,K)® n — -* H 2n (X,K) = K, 

where H 2n (X,K) = K is the canonical isomorphism that is induced by integrating de 
Rham classes over X. The weak isomorphism types of the above multilinear forms are de- 
termined by the isomorphism types of the graded i^-algebras H*'*(X, K) and H 2 *(X, K) 
respectively. 

By the Lefschetz theorem, the Hodge conjecture is true for (1, l)-classes and so it is 
known that the isomorphism type of the intersection form on £T 1 ' 1 (-,Q) is conjugation 
invariant. Additionally, it follows from fl2]) that the isomorphism types of the intersection 
forms on H 2 (-,Qi) and H 2 (-,C) are invariant under conjugation. Our result, which 
settles the case K = C in Theorem |3l is the following: 

Theorem 6. There exist in any dimension > 4 simply connected conjugate smooth com- 
plex projective varieties whose ^.-multilinear intersection forms on H 2 (-,~R), as well as 
^-multilinear intersection forms on if 1 ' 1 (-,C), are not weakly isomorphic. 

The examples we will construct in the proof of Theorem [6] in Section [6] are defined over 
cyclotomic number fields. For instance, one series of examples is defined over Q[Ci2]; their 
complex (1, l)-classes are spanned by Q[v^3]-rational ones. This yields examples X, X a 
such that the intersection forms on the equidimensional vector spaces H 1,l (X, Q[v3]) 
and H 1 ' 1 (X a , Q[y3]) are not weakly isomorphic, see Corollary 1271 

It follows from Theorem [6] that the even-degree real cohomology algebra if 2 *(-,R), as 
well as the subalgebra SH 2 ^^) which is generated by H 2 (-,M.), is not invariant under 
conjugation. Since Charles's examples have dimension > 12 and fundamental group Z 8 , 
Theorem [6J generalizes Theorem [TJ in several different directions. Another generalization 
of Theorem [lj namely Theorem [7J below, is explained in the following subsection. 

1.3. Applications to conjugate varieties with given fundamental group. Conju- 
gate varieties are homeomorphic in the Zariski topology but in general not in the analytic 
one. This was already observed by Serre in [12J, who constructed conjugate varieties 
whose fundamental groups are infinite but non- isomorphic. The first non-homeomorphic 
conjugate varieties with finite fundamental group were constructed by Abelson pp. His 
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construction however only works for non-abelian finite groups which satisfy some strong 
cohomological condition. 

Other examples of conjugate varieties which are not homeomorphic (or weaker: not 
deformation equivalent) are constructed in [21 |3j [7J |9j [13] . Again, the fundamental groups 
of these examples are of special shapes. In particular, our conjugate varieties in Theorem 
[6J are the first known non-homeomorphic examples which are simply connected. This 
answers a question, posed more than 15 years ago by D. Reed in [10] . Reed's question 
was our initial motivation to study conjugate varieties and leads us to the more general 
problem of determining those fundamental groups for which non-homeomorphic conjugate 
varieties exist. Since the fundamental group of smooth varieties is a birational invariant, 
the problem of detecting non-homeomorphic conjugate varieties in a given birational 
equivalence class refines this problem. Building upon the examples we will construct in 
the proof of Theorem [6j we will be able to prove the following: 

Theorem 7. Any birational equivalence class of complex projective varieties in dimen- 
sion > 10 contains conjugate smooth complex projective varieties whose even-degree real 
cohomology algebras are non-isomorphic. 

Theorem [7J implies immediately: 

Corollary 8. Let G be the fundamental group of a smooth complex projective variety. 
Then there exist conjugate smooth complex projective varieties with fundamental group 
G, but non-isomorphic even-degree real cohomology algebras. 

In Theorem [31] in Section [8] we show that the examples in Theorem [7J can be chosen to 
have non-isotrivial deformations. This is in contrast to the observation that the previously 
known non-homeomorphic conjugate varieties tend to be rather rigid, cf. Remark! 



1.4. Constructions and methods of proof. Using products of special surfaces with 
projective space, we will prove Theorem [5] in Section [3] The key idea is to construct 
real curves in the moduli space of abelian surfaces, respectively Kummer K3 surfaces, 
on which dim(iJ 1 ' 1 (-,iT)) is constant. Using elementary facts about modular forms, we 
then prove that each of our curves contains a transcendental point, i.e. a point whose 
coordinates are algebraically independent over Q. The action of Aut(C) being transitive 
on the transcendental points of our moduli spaces, Theorem [5] follows as soon as we have 
seen that our assumptions on K ensure the existence of two real curves as above on which 
dim(H p ' p (-,K)) takes different (constant) values. 

For the proof of Theorem [6] in Section [6] we use Charles- Voisin's method [3] HE] , see 
Section [H We start with simply connected surfaces Y £ W N with special automorphisms, 
constructed in Section [5] Then we blow-up five smooth subvarieties of Y x Y x P^, e.g. 
the graphs of automorphisms of Y. In order to keep the dimensions low, we then pass to 
a complete intersection subvariety T of this blow-up. If dim(T) > 4, then the cohomology 
of T encodes the action of the automorphisms on H 2 (Y, R) and H 1 ' 1 (Y, C). The latter 
can change under the Aut(C)-action, which will be the key ingredient in our proofs. 

In order to prove Theorem [7J in Section [7J we start with a smooth complex projective 
variety Z of dimension > 10. From our previous results, we will be able to pick a four- 
dimensional variety T and an automorphism a of C with Z = Z a , such that T and T a 
have non-isomorphic even-degree real cohomology algebras. Since T is four-dimensional, 
we can embed it into the exceptional divisor of the blow-up Z of Z in a point and define 
W = Bl T (Z). Then, W a = Bl T a{Z a ) is birational to Z a = Z. Moreover, we will be 
able to arrange that 6 2 (T) is larger than b±(Z) + 4. This will allow us to show that 
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any isomorphism between H 2 *(W,M.) and i^ 2 *(LU°",R) induces an isomorphism between 
H 2 *(T,R) and H 2 *(T a ,R). Theorem will follow. 

1.5. Conventions. Using Serre's GAGA principle, we usually identify a smooth complex 
projective variety A with its corresponding analytic space, which is a Kahler manifold. 
For a codimension p subvariety V in A, we denote the corresponding (p,p)-class in 
H*(X,Z) by [V]. The notations Hp>p(X,C) and Hp>p(X) for the space of C-rational 
(p,p)-classes on X are used interchangeably. 

2. Preliminaries 

2.1. Cohomology of blow-ups. In this subsection we recall important properties about 
the cohomology of blow-ups, which we will use (tacitly) throughout Sections HJ |6] and H 
Let Y £ X be Kahler manifolds and let X = Bly(X) be the blow-up of X in 1". If we 
denote the exceptional divisor of n : X -> X by D and the codimension of Y" in X by r, 
then we have the following, see [T5], p. 180]. 

Lemma 9. There is an isomorphism of Hodge structures 

H k (X, Z) © j H k - 2i - 2 (Y, Z) ) -^ H k (X, Z) , 

where on H k ~ 2l ~ 2 (Y, Z), i/ie natural Hodge structure is shifted by (i+l,i+l). On H k (X, Z) ; 
i/ie above morphism is given by n* . On H k ~ 2l ~ 2 (Y, Z) it is given by j* ° h l ° 7r|^ ; where h 
denotes the cup product with Ci(0d(1)) e H 2 (D,7j) and j* is the Gysin morphism of the 
inclusion j : D ^ X . 

The next lemma uncovers the ring structure on H*(X,Z). 

Lemma 10. Let a,/3 e H*(D,Z) and n e H*(X, Z). Then, in the notation of Lemma\Q 

n*(ri) u 3*(a) =j*(Tc\* D (r])ua) and j*(a)u j*((3) = -j*(hu au f3). 

Proof. Using 7t\d = ft ° j, the first assertion follows immediately from the projection 
formula. For the second assertion, one first proves 

(3) j;(a)uj;(/3)=j;(l)uj;(au/?) 

on the level of homology. Next, note that i*(l) = C\{Oj^{D)). Moreover, the restriction of 
Ox(D) to D is isomorphic to Ou(-l). This implies -h = j'*(j'*(1)) and so the projection 
formula yields: 

-j,(/iuau/3) =j,(l)uj,(ou J 8). 

By dSJ), this concludes the proof. □ 

2.2. Eigenvalues of conjugate endomorphisms. Let A be a smooth complex projec- 
tive variety with endomorphism / and let a be an automorphism of C. Via base change, 
/ induces an endomorphism f°~ of X a and we consider the linear maps 

/* : H p ' q (X) — ► H M (X) and (f 7 )* : H p ' q (X a ) — > HP< q {X u ). 

These maps commute with the a-linear isomorphism 

H p ' q (X) ^+ H p ' q (X a ) 

induced by (pQ). This observation proves: 

Lemma 11. The set of eigenvalues of (f a )* on H p ' q (X a ) is given by the a-conjugate of 
the set of eigenvalues of f* on H p ' q (X). 
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2.3. The j-invariant of elliptic curves. Recall that the j-invariant of an elliptic curve 
E with affine Weierstrass equation y 2 = Ax 3 - g^x - g% equals 

Km - 9l 



9} - 27g 2 3 

Two elliptic curves are isomorphic if and only if their j- invariant coincides. From the 
above formula, we deduce j(E a ) = a(j(E)) for all a e Aut(C). For an element r in the 
upper half plane H, we use the notation 

(4) E T := C/(Z + rZ) and j(r) ■= j(E T ). 

Then, j induces an isomorphism between any fundamental domain of the action of the 
modular group SLi(T!A on EI with C. Moreover, j is holomorphic on EI with a cusp of 
order one at i ■ 00 . 

2.4. Kummer K3 surfaces and theta constants. Let M e M 2 (C) be a symmetric 
matrix whose imaginary part is positive definite. Then, 

A M ■= C 2 /(Z 2 + Ml?) 

is an abelian surface. The associated Kummer K3 surface K3(Am) is the quotient of the 
blow-up of Am at its 16 2-torsion points by the involution -(-1). 

The singular quotient Am/(-^) can be identified with a degree four hypersurface in 
P 3 . The coefficients of the corresponding degree four polynomial are given by homoge- 
neous degree 12 expressions in the coordinates of Riemann's second order theta constant 
2 (M) € P 3 , see [11] Example 1.1]. This theta constant is defined as 

(5) e 2 (M) := [e 2 [o,o](M) : e 2 [i,o](M) = e 2 [o, i](m) : e 2 [i, i](M)]. 

Here, for S e {0, 1} , the complex number G 2 [£](M) denotes the Fourier series 

(6) e 2 [5](M) := Y, e 2 ^ QM ^ n+5 l 2 \ 

neZ 2 

where Qm(z) is the quadratic form z l Mz, associated to M. 

We will use the following important consequence of the above discussion: If 

a(0 2 (M))=6 2 (M') 

holds for some automorphism a e Aut(C), then 

(7) K3(A M y = K3(A M '). 

3. Proof of Theorem [3] 

In this section, we prove Theorem [5] from the introduction. For this purpose, let us fix a 
subfield K £ C, different from K and C, which is not contained in an imaginary quadratic 
number field. We then need to construct for any p > 1 and in any dimension n > p + 1 
conjugate smooth complex projective varieties X, X a with H P ' P (X,K) $ H p ' p (X a ,K). 
After taking products with P™~ 2 , it clearly suffices to settle the case p - 1 and n - 2. 

We denote by K^ := K n R the real subfield of K. The proof of Theorem [5] for p - 1 
and n = 2 is now divided into four different cases. Cases 1 and 2 deal with K^ t Q; in 
Cases 3 and 4 we settle K R = Q. 

In Cases 1-3 we will consider for r € EI the elliptic curve E T with associated j-invariant 
j(r) from (J3J), and use the following lemma. 
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Lemma 12. Let LcC be a subfield. Then we have for any a,b € R >0 , 

2, if a/b i L and a-b i L, 
dim(_ff 1 ' 1 (£ , ia x E ib ,L)) = * 3, z/o/6 £ L and a-bi L, or if a/b i L and a-b e L, 

4, if a/b e L and a-b e L. 

Proof. For j = 1,2, we denote the holomorphic coordinate on the j'-th factor of E ia x En, 
by Zj = Xj + ixjj. Then there are basis elements 

a^^eH^E^Z) and a 2 ,/3 2 € H l {E ib ,Z), 

such that 

Gfoi = «i + ia-(3i € H lfi (E ia ) and dz 2 = a 2 + ib- f3 2 e H 1,0 (E ib ). 

We deduce that the following four (1, l)-classes form a basis of H l ^{E ia x E^): 

ckiU/?!, a 2 u/? 2 , «i u a 2 + a6- /3i u /3 2 and a 1 u/? 2 + (a/b)-a 2 u/3 1 . 

The lemma follows. □ 

Case 1: f^ is uncountable. 

The restriction of the j-invariant to i ■ R>i is injective. Since K^ is uncountable, it 
follows that there is some A > 1 in K^ such that j(iX) is transcendental. 

By assumptions, K^ is different from R. The additive action of K^ on R has therefore 
more than one orbit and so R>i \ (K^ n R>i) is uncountable. As above, it follows that 
there is some fj, > 1 in the complement of K^ such that j(i/J,) is transcendental. Since 
j(i) = 1, it follows that for some a e Aut(C), we have 

X := E iX x Ei with X CT = E ifX x £,. 

Since Xe K and /i ^ K, it follows from Lemma 121 that H l ^(X,K) and i/ 1 - 1 (X (T ,K) are 
not equidimensional. This concludes Case 1. 

Case 2: Km is countable and K^ + Q. 

Here we will need the following lemma. 

Lemma 13. Let A € R >0 be irrational, and let U £ R>o be an uncountable subset. Then 
there is some \x e U such that j(fi) and j(Xfi) are algebraically independent over Q. 

Proof. For a contradiction, suppose that j{jjl) and j(X[i) are algebraically dependent over 
Q for all fxeU. Since the polynomial ring in two variables over Q is countable, whereas U 
is uncountable, we may assume that j(/-0 an d iC^/- 4 ) satisfy the same polynomial relation 
for all fj, e U. Any uncountable subset of R contains an accumulation point. Hence, the 
identity theorem yields a polynomial relation between the holomorphic functions j(r) 
and j(Xt) in the variable r € H. That is, 

n 

Zci(j(r))-j(Xry=0, 

1=0 

where q(j'(t)) is a polynomial in j(r) which is nontrivial for I = n. We may assume that 
n is the minimal integer such that a polynomial relation as above exists. The modular 
form j(r) does not satisfy any nontrivial polynomial relation since it has a cusp of order 
one at zoo. Thus, n > 1. For k e Z, we have j(r) = j(r + k) and so the above identity 
yields 

n 

I c K^))-(j(AT-y-j(Ar + A£y-)=0, 
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for all k £ Z. Since A is irrational, At and At + AA; do not lie in the same SL^i^) orbit 
and so j(Xr) - j(Ar + AA;) is nonzero for all k e Z. Thus, 

n l-l 

E c '(j(r)) • E j(\r) h j(\T + AA:)'" 1 "* = 0. 

2=1 h=0 

If we now choose a sequence of integers (fc m ) m >i such that AA: m tends to zero modulo Z, 
then the above identity tends to the identity 

E<*(i(r))-J-i(Ar) , - 1 = 0. 

This contradicts the minimality of n. Lemma [13] follows. D 

Since K^ is countable, it follows that for any t > 0, 

is uncountable. By assumptions in Case 2, i^ contains an irrational number A. Addi- 
tionally, we pick an irrational number A' i K. 

Then, by Lemma IT3| there are elements fi e U\ and fj,' e Uy such that j(ifi) and j(i\fx), 
as well as j(in') and j(i\'fi'), are algebraically independent over Q. It follows that for 
some <7 e Aut(C), we have 

X ■= Ei\^ x E^ with X CT = EiX'n' x -^m'- 

Since A e K and A/i 2 ,A',Ay 2 £ if, it follows from Lemma [12 that H^(X,K) and 
i/ 1 ' 1 (X CT ,iC) are not equidimensional. This concludes Case 2. 

Case 3: if is uncountable and K®. = Q. 

Since K is uncountable, there are elements t, t' € H with t,t' e K such that j(r) and 
j'(t') are algebraically independent over Q. Also, there are positive numbers //,// e M>o 
with /x/i',/x//i' £ if R = Q such that j(i/i) and j{i[A') are algebraically independent over Q. 
For some a e Aut(C), we then have 

X:=E T xE T , with X a = E ip x E^ . 

Since t, t' e if, the space H 1,1 (A, if) is at least three-dimensional. Conversely, H 1 ' 1 (X cr , X) 
is two-dimensional by Lemma [T2l This concludes Case 3. 

Case 4: if is countable and K^ = Q. 

This case is slightly more difficult; instead of products of elliptic curves, we will use 
Kummer K3 surfaces and their theta constants, see Section 12.41 We begin with the 
definition of certain families of such surfaces. For t - t\ + iti e C with t\ + and fi e M >0 , 
we consider the symmetric matrix 

For a suitable choice of t e C, the matrix -iM(fi, t) is positive definite for all fi > and so 
the abelian surface A]M(u,t) as well as its associated Kummer K3 surface exist. For such 
t, we have the following lemma, where A denotes the dual of the abelian surface A. 

Lemma 14. Let L _; C be a subfield, let fi> and let t = t\ + U2 e C such that -i ■ M(fM, t) 
is positive definite. Ift\, \t\ 2 and det(M(/i,t)) do not lie in L, then 

a- (uiUWA \ t\\ J 17 ' # (\t\ 2 + 2t 1 -L)nL = 0, 

18, otherwise. 
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Proof. Fix t e C and fi > such that -i ■ M(/j,,t) is positive definite and assume that t\, 
\t\ 2 and det(M(/i,£)) lie not in L. The rational degree two Hodge structure of a Kummer 
surface K3(A) is the direct sum of 16 divisor classes with the degree two Hodge structure 
of A. It therefore remains to investigate the dimension of H 1 ' 1 (AM(^, t t),L). 

We denote the holomorphic coordinates on C 2 by z = (zi, z 2 ) and write Zj = Xj + iyj. 
The cohomology of A M (^ is given by the homology of ^4mo,*) and so 



O'l 



dxi, a 2 = dx 2 , a 3 = /i/(2ti) • (2t\dy\ + dy 2 ) , «4 = n/(2ti) ■ (dy\ + \t\ 2 dy 2 ) 



form a basis of H 1 (A M ^ fl ^,Q). Next, H l ^{A M ^ t -)) has basis dziudzi, dz 1 udz 2 , dz 2 udzi 
and dz 2 udz 2 . This basis can be expressed in terms of a.jUak, where 1 < j < k < 4. Applying 
the GauB algorithm then yields the following new basis of i^ 1 ' 1 (A M ( Mjt )): 



Q 2 

n 4 



a 2 u a 4 + oi\ u a 3 , 
«i u a 4 - |t| 2 ■ «i u 0:3, 

«2 U « 3 - 2t\ • OL\ U a 3 , 

a 3 u a 4 - det(M(^u, £)) • ai u a 2 - 



From this description it follows that if a linear combination £ Ajfi; is L-rational, then all 
A; lie in L. Moreover, since det(M(/x,t)) £ L, the coefficient A4 needs to vanish. 

Since ti,\t\ 2 i L, neither Q 2 nor Q 3 is L-rational. We conclude that Lf 1 ' 1 (A A /( M>t ),L) 
is two-dimensional if \t\ 2 + 2t x ■ l± = l 2 has a solution l\,l 2 e L, and it is one- dimensional 
otherwise. The lemma follows. □ 

In the following we will stick to parameters t that are contained in a sufficiently small 
neighborhood of 1/3 + 3z. For such t, the matrix -% ■ M(/j,,t) is positive definite. The 
reason for the explicit choice of the base point 1/3 + 3i is due to the fact that it slightly 
simplifies the proof of the subsequent lemma. In order to state it, we call a point in P 3 
transcendental if its coordinates in one (and thus in any) affine chart are transcendental 
over Q. Equivalently, z £ P 3 is transcendental if and only if P(z) + for all nontrivial 
homogeneous polynomials P with rational coefficients. 

Lemma 15. There is a neighborhood V £ C of 1/3 + 3i, such that for all t = t\ + it 2 e V 
with 1, £1 and \t\ 2 linearly independent over Q, the following holds. Any uncountable 
subset U £ M>o contains a point \x e [/ with: 

(1) The matrix -i ■ M(/z,t) is positive definite. 

(2) The determinant of M(fi, t) is not rational. 

(3) The theta constant Q 2 (M(fi,t)) is a transcendental point 0/P 3 . 

Proof. We define the quadratic form 

Q(z):=2t 1 z 2 + 2z 1 z 2 + \t\ 2 z 2 , 

where z = (zi,z 2 ) € M 2 . For 5 e {0,1} , the homogeneous coordinate 2 [5](M(//,£)) of 
the theta constant 2 (M(/i,£)) is then given by 

(8) e 2 [5](M(fX,t)) = £exp(-^.Q(n + 5/2)), 



see ()6]). At the point t = 1/3 + 3z, we have 

2 , .„., 137 

-■(z 1 + 3z 2 /2) 2 + 1 



Q(z)\ t=1/3+3l = --(z 1 + 3z 2 /2) 2 + — • z\. 
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This shows that there is a neighborhood V of 1/3 + 3i such that -i ■ M(/a, t) is positive 
definite for all t e V and all /j, > 0. For such £, the function in (jHJ) is a modular form in 
the variable i ■ fi 6 H, see [6] . 

Let us now pick some t e V with 1, ii and |t| 2 linearly independent over Q. Then 
-i ■ M(fi,t) is positive definite and so det(M(/x,t)) is a nonzero multiple of /i 2 . After 
possibly removing countably many points of U, we may therefore assume 

det(MGM))*Q 

for all fi £ U. For a contradiction, we now assume that there is no fi e U such that 
2 (M(/z,t)) is a transcendental point of P 3 . Since the polynomial ring in four variables 
over Q is countable, we may then assume that there is one homogeneous polynomial P 
with P(0 2 (M(/i,£))) = for all /j, e U. Since U £ M>o is uncountable, it contains an 
accumulation point. Then the identity theorem yields 

(9) F(0 2 (M(-2r,t)))=O, 

where the left hand side is considered as holomorphic function in r € EL 

For r -»■ ioo, the modular form 2 [<T](M(-zt, £)) from (J5]) is dominated by the summand 
where the exponent Q(rz) with n e N 2 + 5 is minimal. After possibly shrinking V, these 
minima n<5 e N 2 + 5 of Q(n) are given as follows: 

no,o = (0,0), m >0 = ±(1/2,0), no,i = ±(-1,1/2) and m,i = ±(-1/2,1/2). 

Noting that Q(n Q0 ) vanishes, we conclude that for r -> ioo, the monomial 

e 2 [O,O](M(-ZT,t)) /l -0 2 [l,O](M(-2T,t)y-e 2 [O,l](M(-2r,t)) fc -e 2 [l,l](M(-2r,O) Z 
is dominated by the summand 

(7TZT \ 

— ■(j- Q(n 1>0 ) + k ■ Q(n 0A ) + I ■ Q(n 1A ))\ . 

The left hand side in (Q is then dominated by those summands for which 

j ■ Q(n lfi ) + k ■ Q(n ,i) + I ■ Q(n ltt ) 

is minimal. We will therefore arrive at a contradiction as soon as we have seen that this 
summand is unique. That is, it suffices to see that Q(ni j0 ), Q(n i) and Qin^x) are 
linearly independent over Q. In order to see the latter, we calculate 

Q(ni, )=ti/2, Q(n ,i) = |t| 2 /4 + 2t 1 -l and Q(m,i) = |t| 2 /4 + h/2 - 1/2. 

The claim is now obvious since 1, t\ and \t\ 2 are linearly independent over Q by assump- 
tions. This finishes the proof of the lemma. □ 

We are now able to conclude Case 4. Let V be the neighborhood of 1/3 +3z from Lemma 
[l~5l Since K^_ = Q and since K is not contained in any imaginary quadratic number field, 
we may pick some t = t\ + it 2 e K n V which is not quadratic over Q. Then t\ is not 
rational since otherwise (t - 1\) 2 would lie in K-^ - Q, which yielded a quadratic relation 
for t over Q. It follows that 1, t + t = 1t\ and t -t = \t\ 2 are linearly independent over 
Q, as otherwise t would lie in K and so t + 1 - 2ti e K^ = Q were rational. Hence, the 
assumptions of Lemma [15] are satisfied and so there is some ^x € M >0 such that the pair 
(//,£) satisfies (l)-(3) in Lemma [T5l 

Next, we consider t' = t[ + it' 2 e V with 1, t[ and tf + 1'^ linearly independent over Q. 
As V contains an inner point, there are uncountably many t[ with the above property. 
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Since K is countable, so is the set of quotients x/y where x and y are imaginary parts of 
some elements of K. Thus, there are only countably many values for t[ such that 

(10) 2t£Ai = A 2 + \f\ 2 

has a solution Ai, A2 £ K. It follows that we may pick a complex number V with the above 
properties such that additionally ffTOj) has no solution in K. Again, the assumptions of 
Lemma fT5l are met and so there is some // e M >0 such that the pair (//,£') satisfies (l)-(3) 
in Lemma fT5l 

Since the functor A *-*■ A on the category of abelian varieties commutes with the Aut(C)- 
action, it follows from (J2J) that, for some a e Aut(C), we have 

X := K3(A M ^ t) ) with X°*K3(A M{tl r ttr) ). 

By our choices, ti, \t\ and det(M(/z,£)) lie in R\Q and the same holds for the pair (//,£' ). 
Since Ar = Q, it follows that {fx,t) as well as ([/,', t') satisfy the assumptions of Lemma 
[HI Since (fTOj) has no solution in A, whereas 

2tiAi = A 2 + |t| 2 

has the solution Ai = t and X 2 = t 2 in K, it follows from Lemma [T41 that if 1 ' 1 (A, A') and 
i7 1 ' 1 (A CT , A) are not equidimensional. This concludes Case 4 and hence finishes the proof 
of Theorem [5j 

Remark 16. Theorem^ does not remain true if one restricts to smooth complex projec- 
tive varieties which can be defined over Q. Indeed, for each smooth complex projective 
variety X there is a finitely generated extension Kx o/Q such that for allp>0 the group 
H p ' p (X,C) is generated by Kx-rational classes. As there are only countably many vari- 
eties overQ, it follows that there is an extension KofQ which is generated by countably 
many elements such that for each smooth complex projective variety X over Q and for 
eachp>0, the dimension of H p ' p (X,K) equals h p ' p (X). The above claim follows, since 
h?> p (X) is invariant under conjugation, and since R is not generated by countably many 
elements over Q. 

4. Charles- Voisin's construction 

In this section we carry out a variant of a general construction method due to F. 
Charles and C. Voisin [3l [16]. The proofs of Propositions fT71 and fT8l below will then be 
the technical heart of the proof of Theorem [6] in Section [6j 

We start with a smooth complex projective surface Y with b\ (Y) = and automor- 
phisms /, /' e Aut(y). Then we pick an embedding 

i : Y ^ F N 

and assume that /* and /'* fix the pullback i*h of the hyperplane class h € H 2 (¥ N ,Z). 

For a general choice of points u, v, w and t of F N and y of Y, the following smooth 
subvarieties of Y x Y x F N are disjoint: 

(11) Z 1 := Y x y x u, Z 2 ■■= r idy x v, Z 3 := T f x w, Z 4 := T f xt, Z Fj := y x V h 
where T denotes the graph of a morphism. The blow-up 

X:=Bl ZlU ... uZ5 (YxYxF N ) 

of Y x Y x F N along the union Z\ u . . . u Z 5 is a smooth complex projective variety. 

Note that the cohomology of each Zj is spanned by pullbacks of classes onFx7x F N . 
Since bi(Y) = and dim(Y") = 2, it follows from the description of the cohomology of 
blow-ups, see Section I2.1[ that the cohomology of X is generated by degree two classes. 
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Next, let a be any automorphism of C. Then the automorphisms / and /' of Y induce 
automorphisms f a and f' a of Y a . Since conjugation commutes with blow-ups, we have 

X a = Bl z?u ... uZf> (F CT x Y° x p") , 

where we identified ¥ N with its conjugate F N<T , and where 

Zl = Y a xy a x u a , z a 2 = r idyCT x v a , zi = T f a x w a , zi = T r x r, Zl = y a x v ia . 

Here u a , v a , w a and t a are points on P^, y a e Y a , and i a ■ Y a ■-»• W N is the inclusion, 
induced by i. The pullback of the hyperplane class via i a is denoted by i a *h a . 

In the next proposition, we will assume that the surface Y has the following properties. 

(Al) There exist elements a, (3 e H x ' l (Y, Q) with a 2 = (3 2 = and a u + 0. 

(A2) The sets of eigenvalues of /*, /'* and (/' o J -1 )* on H 2 (Y, C) are distinct. 
Then, for a smooth complete intersection subvariety 

with dim(T) > 4, the following holds. 

Proposition 17. Suppose that (Al) and (A2) hold, and let K £ C be a subfield. Then 
any weak isomorphism between the K -multilinear intersection forms on H 2 (T,K) and 
H 2 (T a ,K) induces an isomorphism of graded K- algebras 

ij>:H*(Y,K) -^H*{Y U ,K), 

with the following two properties: 
(PI) In degree two, ip maps i*h to a multiple ofi a *h a . 
(P2) The isomorphism ip commutes with the induced actions of f and f , i.e. 

i>°r = (ry o i> and ^°(fr = (fr°^ 

Before we prove Proposition [17] in Section 14.11 we want to state its analog for isomor- 
phisms between intersection forms on if 1,1 (-,K). For simplicity, we do not discuss the 
most general version and restrict ourselves to K = C instead. We will need the following 
variant of (A2): 

(A3) The sets of eigenvalues of /*, /'* and (/' o f^ 1 )* on i/ 1 ' 1 (Y,C) are distinct. 
In the proof of Proposition [T7J we will use that the sets of eigenvalues of /* and /'* on 
H 2 (Y, C) are automatically Aut(C)-invariant, since both maps are defined on integral 
cohomology. Since this property in general fails for the restriction of /* and /'* to 
i? 1 ' 1 (y, C), we are forced to make one more assumption: 

(A4) The sets of eigenvalues of /* and /'* on H 1 ' 1 (Y, C) are Aut(C)-invariant. 

Note that we do not assume that the eigenvalues of (/'°/ -1 )* on i/ 1,:l (Y, C) are Aut(C)- 
invariant. In fact, in the proof of Theorem [6] it will be crucial that we are able to produce 
a situation where the latter fails, see Remark [281 

Proposition 18. Suppose that (Al), (A3) and (A4) hold. Then any weak isomorphism 
between the C-multilinear intersection forms on if 1,:L (T, C) and H 1 ' 1 (T a ,C) induces an 
isomorphism of graded C-algebras 

V> : H*'*(Y,C) -^ H*'*(Y a ,C), 



which satisfies (PI) and (P2) of Proposition 11. 



Remark 19. The assumption (Al) in the above propositions is only needed ifdim(T) = 4. 

In the following two subsections we prove Propositions [T7J and [18] respectively; impor- 
tant steps will be similar to Charles- Voisin's arguments in [3] [16]. 
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4.1. Proof of Proposition I17L Suppose that there is a iClinear isomorphism 

(12) 0' : H 2 (T, K) -^ H 2 (T a , K), 

which induces a weak isomorphism between the respective multilinear intersection forms. 
By the Lefschetz hyperplane theorem, the natural maps 

(13) H k (X,K)^H k (T,K) and H k (X a ,K) — ► H k (T ff ,K) 

are isomorphisms for k < n and injective for k = n, where n ■= dim(T). Using this we will 
identify classes on X and X a of degree < n with classes on T and T a respectively. 

We denote by SH 2 (-,K) the subalgebra of H*(-,K) that is generated by H 2 (-,K). 
Its quotient by all elements of degree > r + 1 is denoted by SH 2 (-, K)- r . Since dim(T) > 4, 
we obtain from (fTBl) canonical isomorphisms 

SH 2 (X,K) i4 -^> SH 2 (T,K)^ and SH 2 (X a ,iT) s4 -^> SH 2 (T U ,K)- 4 . 

Claim 1. The isomorphism cf)' from [Hfy induces a unique isomorphism 

(j) : SH 2 (X, K)- 4 -^ SH 2 (X^ K) iA 

of graded K -algebras. 

Proof. In degree two, we define <fi to coincide with <f>' from (fl2"|) . Since the respective 
algebras are generated in degree two, this determines (ft uniquely as homomorphism of 
iCalgebras; we have to check that it is well-defined though. In order to see the latter, let 
ai,...,a r and j3i, . . . , f3 r be elements in H 2 (T, K). Then we have to prove: 

J>uft = => £>'(a*W(A)=0. 

i i 

Let us assume that Y,i a i u A = 0. Since <fi' induces a weak isomorphism between the 
corresponding intersection forms, this implies 

£>'(«;) u0'(A)u 7? = in H 2n (T°,K), 

i 

for all rj e SH 2 {T a , K) 2n ^. The class £< ft (an) u 0'(&) u rj lies in S# 2 (T CT , K) and hence 
it is a pullback of a class on X. Therefore, the above condition is equivalent to saying 
that 

£ Man) u<p>((3 t )u V u[T°] = Q in F 2Af+8 (X CT ,K), 

i 

for all 77 e SH 2 (X a , K) 2n ~ 4 . Since the cohomology of X is generated by degree two classes, 
Poincare duality shows 

J>'( aj W'(A) u [T CT ] = in H 2N - 2n+l2 {X^K). 

i 

Since [T CT ] is the (iV + 4-n)-th power of some hyperplane class on X a , the Hard Lefschetz 
theorem implies 

£>'(«,) u0'(A)=O in H\X*,K), 

i 

as we wanted. Similarly, one proves that 0'" 1 induces a well-defined inverse of <p. This 
finishes the proof of the claim. □ 

From now on, we will work with the isomorphism <p of K- algebras from Claim [1] instead 
of the weak isomorphism of intersection forms (j)' from ffT2|) . 
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In order to describe the degree two cohomology of X, we denote by Di £ X the excep- 
tional divisor above Zi and we denote by h the pullback of the hyperplane class of F N to 
X. Then, by Lemma 

(14) H 2 (X, K) = ( [Di] ■ k\ © E 2 (Y xY,K)®h-K. 

Similarly, we denote by Df £ X a the conjugate of Di by o and we denote by h a the 
pullback of the hyperplane class of P^ to X a . This yields: 

(15) H 2 (X a , K) = 1 0[£>f ] • K] ® H 2 (Y a x Y a , K) © h a ■ K. 

Next, we pick a base point OeY and consider the projections 

YxY^YxO and 7x7^0x7. 

Using pullbacks, this allows us to view H*(Y x 0,K) and if*(0 x Y,.fQ as subspaces of 
H*{Y x Y,K). By assumption, the first Betti number of Y vanishes and so we have a 
canonical identity 

(16) H 2 (Y xY,K) = H 2 (Y x 0, K) © H 2 (0 xY,K), 
of subspaces of H 2 (X,K). A similar statement holds on X°~. 

Claim 2. The isomorphism respects the decompositions in (T$) and 173]) . that is: 

(17) ^ 2 (yxy,i^)) = i{ 2 (y ff xr,^), 

(18) <f>([D i ]-K) = [Df]-K for alii = 1,..., 5, 

(19) 4>{h-K) = h a -K. 

Proof. In order to prove (TT7I) . we define 5 to be the linear subspace of H 2 (X,K) which 
is spanned by all classes whose square is zero. By the ring structure of the cohomology 
of blow-ups (cf. Lemma [TO]) . S is contained in H 2 (Y x Y,K). Furthermore, let S 2 be 
the subspace of H 4 (X,K) which is given by products of elements in S. By assumption 
(Al), this subspace contains H 4 (Y x 0,K) and if 4 (0 x Y,K). By the ring structure of 
the cohomology of X, it then follows that H 2 (Y x Y,K) in ( JT4"|) is equal to the linear 
subspace of H 2 (X,K) that is spanned by those classes whose square lies in S" 2 . 

By Lefschetz's theorem on (1, l)-classes, the cohomology of Y a also satisfies (Al). 
Hence, H 2 {Y (J x Y a ,K) inside SH 2 (X a ,K)- i has a similar intrinsic description as we 
have found for H 2 {Y x Y, K) inside SH 2 (X, K)^. This proves (fTTl). 

In order to prove (TTH]) and (IT9l . we need the following Lemma, also used in [3] [T6j . In 
order to state it, we define for i = 1, ... ,5 the following kernels: 

(20) Fi := ker (u[A] : H 2 (Y xY,K) — > i? 4 (X, K)) . 

Using Lemma [9] and [10], we obtain, cf . [31 Lem. 7] : 

Lemma 20. Using the identification [To]) , the kernels Fi £ H 2 {Y x Y,K) are given as 
follows: 

(21) F 1 = {(0,/3):/3€// 2 (r,K)}, 

(22) F 2 = {(/3,-/3):/?€tf 2 (Y,iO}, 

(23) F 3 = {(r/?,-/?):/?€F 2 (y,ir)}, 

(24) F, = {(r(3,-(3):peH 2 (Y,K)}, 

(25) F 5 = {(/3,0):/?e// 2 (r,K)}. 
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In addition to the above lemma, we have the following. 

Lemma 21. Let a e H 2 (Y x Y,K) be a non-zero class. Then the images of 

u«, u/i, u[Z>i], . . . , u[D 5 ] : H 2 (Y xY,K)^ H 4 (X, K) 

are in direct sum, u/i is infective and 

(26) dim(kerua) <b 2 (Y). 

Proof. Apart from f l26|) . the assertions in Lemma I2T1 are immediate consequences of the 
ring structure of the cohomology of blow-ups, see Lemma |9] and [TUJ 
In order to proof ([26]) . we write 

a = «! + « 2 

according to the decomposition (|T6|) . Without loss of generality, we assume a± + 0. Then, 
ua restricted to H 2 (0 x Y,K) is injective. Moreover, by Poincare duality there is some 
pxeH 2 (YxQ,K) with 

/5i u «! * 

Then, /3% u a is nontrivial and does not lie in the image of ua restricted to if 2 (0 x Y, K). 
Thus, dim(im(ua)) > b 2 {Y) and ((26]) follows. D 

Of course, the obvious analogues of Lemma 1201 and [211 hold on X a . 

Note the following elementary fact from linear algebra. If a finite number of linear 
maps li, . . . , l r between two vector spaces have images in direct sum, then the kernel of a 
linear combination £ \h is given by intersection of all ker(Zj) with Aj + 0. 

By Lemma l20| each Fi has dimension b 2 (Y) and hence the above linear algebra fact 
together with Lemma I2T1 shows that there is a permutation p e Sym(5) with 

<f>([D i ]-K) = [D; (i) ]-K. 

We are now able to prove ( 1T9|) . For some real numbers ao , . . ■ , as and for some class 
^ g H\Y a xY°,K) we have 

5 

(f)(h) = aoh CT + Y, a A D j] + f 3CT - 
i=i 

For i - 1, . . . ,4, the cup product /i u [£)j] vanishes and hence 

aoh* u [d; (i) ] + £ a,[DJ] u [d* (0 ] + /T u [d; (j) ] = 0. 

i=i 
Since the cup product [Dj] u [D£] vanishes for j + k, we deduce 

aoh' u [d* (0 ] + a pW [D; w ] 2 + /r u [d; (j) ] = 

for all % - 1, . . . , 4. From Lemma El it follows that a p (j) vanishes for all % = 1, ... 4. 
If z is such that p(i) e {1, ... 4}, then 

^u[D; (j) ] = and so /T u [££ ] = 0. 

By Lemma l20| the intersection C\j*kFj is zero f° r each A; = 1, ... ,5. Since the same holds 
on X a , we deduce that (3 a vanishes. Hence, 

0(h) = a h a + a p{5) [D a p{5) ]. 

In H 4 (X,K) we have the identity 

h u [£> 5 ] = (i*h) u [D 5 ] € # 2 (y x Y) u [D 5 ], 



16 STEFAN SCHREIEDER 

and similarly on X a . Since (fTTj) is already proven, we deduce 

aoh* u [ZT (5) ] + a p(5) [^ (5) ] 2 e H\Y° x y») u [££ B) ]. 

This implies a p (5) = 0. Since <fi is an isomorphism, ao £ follows, which proves (TT91) . 

It remains to prove ([IS]) . That is, we need to see that p e Sym(5) is the identity. 

Note that h u [F^] as well as /i"" u [Df ] vanish for i £ 5 and are nontrivial for z = 5. 
Since (fl9l) is already proven, p(5) = 5 follows. 

By assumption on Y, f* and /'* fix i*h. Therefore, the intersection F 2 n F 3 n F 4 is 
nontrivial. Conversely, Fi n Fj = for all i - 2,3,4. Since analogue statements hold on 
X a , we obtain p(l) = 1. 

Next, we use that Fj © Fj = H 2 {Y x Y, K) for all i = 1, 5 and j = 2, 3,4. This allows us 
to define for 2 < j, k < 4 endomorphisms Qj^ of Fi via the following composition: 

9j,h ■■F 1 ^F 5 ® F j ^> F, ^ F x © F fe ^> F t . 

There is a canonical identification between i<\ and H 2 (Y, K). Using Lemma |20| a straight- 
forward calculation then shows: 

(27) 9s,2 = f*, 94,2 = f'*, 94,3 = (f'°t 1 )*, 9j,j=id and gj,k = glj, 

for all 2 < j, k < 4. 

Analogue to (|20|) . we define 

Ff := ker (u[Df ] : H 2 (Y a x y 7 , K) — ► F^X' 7 , if)) . 

These subspaces are described by the corresponding statements of Lemma |20j Thus, 
the above construction yields for any 2 < j, k < 4 endomorphisms g a - k of Ff". Using the 
canonical identification of F° with H 2 (Y (7 ,K), these endomorphisms are given by 

(28) 9l 2 = (r)\ 9l,2 = U'°)\ 9h = U'°r l y*: ^ = id and 9l k = {9l, 3 Y\ 

for all 2 < j, fc < 4. 

Since maps [Fi] to a multiple of [.Df], it follows that the restriction of <fi to F\ 
induces a F-linear isomorphism 

(29) ip : F 1 = F 2 (F, AT) -^ # 2 (y CT , F) = Ff. 

Since maps Fj isomorphically to F ff ,~, the above isomorphism satisfies 

(3°) V > °^,fc = ^),p(fc)°V' 

for all 2 < j, fe < 4. 

Next, consider the C-linear extension of g^ to H 2 (Y, C) and denote its eigenvalues 
by Eig^-fc); we define Eig(g°" fc ) in a similar way. In the following we will use that the 
sets of eigenvalues of /* and /'* on F 2 (Y,C) are Aut(C)-invariant. Since / and /' are 
automorphisms, it follows from (A2) and ( 127|) that Eig(g 3i2 ) and Eig(g 4]2 ) are distinct 
Aut(C)-invariant sets of roots of unity. By Lemma [TT] and since gj^ = g k 1 -, we deduce: 

Eig(^ 2 ) = Eig(3 2 , 3 ) = Eig(^ 2 ) = Eig(^ 3 ), 
Eig(^ 4 , 2 ) = Eig(^ 2 , 4 ) = Eig(^ i2 ) = Eig(^ 2 T 4 ). 

By assumption (A2), the set Eig(^4 ]3 ) coincides neither with Eig(g 32 ) nor with Eig(g 42 ). 
Since the latter two sets are Aut(C)-invariant sets of roots of unity, it follows that these 
sets are invariant under taking inverses. Thus, by Lemma [Ti] and since g^ k - gT 1 ., each of 
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the sets Eig(g% 4 ) and Eig(gJ 3 ) is distinct from Eig(g 3i2 ) and Eig(g 4i2 )Jj Therefore, (130]) 
implies that p respects the subsets {2,3} and {2,4}. Hence, p = id, as we want. This 
finishes the proof of Claim |2j □ 

Since b\(Y) = and dim(y) = 2, the cohomology algebra H*(0 x Y, K) is a subalgebra 
of SH 2 (X,K)- 4 . Restriction of therefore extends the K-linear isomorphism if) from 
( |29|) to an isomorphism 

(31) ifj:H*(Y,K)^H*(Y a ,K) 

of graded X-algebras which we denote with the same letter. Since p in the proof of Claim 
El is the identity, it follows from 1(27)1 . pH]) and p)]) that ip satisfies (P2). 
In order to prove (PI), we note that 

ker (u[D 5 ] :F 1 ®h-K^ H A {X, K)) = (i*h -h)-K, 

where i*h g F\ = H 2 (0 x Y, K). A similar statement holds on X ff . Since (p maps F\ to F°, 
[D 5 ] ■ K to [D%] ■ K and h ■ K to h a ■ K, it follows that </> maps i*h ■ K to i^h* ■ K. This 
finishes the proof of Proposition [T7J 

4.2. Proof of Proposition I18L As in the proof of Proposition [T7J we use (1T3|) in order 
to identify classes of degree <nonT with classes on X. Further, J S , // 1,1 (-,C) denotes 
the subalgebra of H*(-,C) that is generated by if 1 ' 1 (-,C); its quotient by elements of 
degree > r + 1 is denoted by S , i7 1 ' 1 (-,C)- r '. 

Let us now suppose that there is a C-linear isomorphism 

(32) <p':H 1 ' 1 (TX)^^H 1 ' 1 (T a ,C), 

which induces a weak isomorphism between the respective intersection forms. Then we 
have the following analogue of Claim [1] from the proof of Proposition [TTJ 

Claim 3. The isomorphism from ( TJ1| ) induces a unique isomorphism 

<p ■. sh^(x, cy 4 -^ SH 1 ^ 1 (x a , cy 4 

of graded C-algebras. 

Proof. As in the proof of Claim [TJ this claim reduces to showing the following: Suppose 
we have C-rational (1, l)-classes a%,...,a r and /3i, . . . , (3 r on T such that 

(33) X>'(a^) u W^77u[T*] = in H 2N+8 (X°,C), 

i 

for all g e SH 1 ' l (X (T ,C) 2n ~ 4 - Then, JUftM u <W0 vanishes. 

In order to prove the latter, let u be the hyperplane class on X a with [T a ] = uo N+4 ~ n . 
With respect to this Kahler class we obtain a decomposition into primitive pieces: 

£ (f)'(a.i) u 4>'(f)i) = 5q-uj 2 + 5iUuj + 52, 

i 

where Sj e iP J (X, C) pr . The above identity then shows 82 e SH 1 ' 1 (X,C) and so we may 
pick for j = 0, 1, 2 the classes 

For j = 0,1,2, we put g = rjj in (1331) . Then the Hodge-Riemann bilinear relations yield 
5j = for j - 0, 1, 2. This finishes the proof of Claim [3j □ 



This conclusion could also be obtained by the observation that Eig^^) is an Aut(C)- invariant set 
of roots of unity which is different from Eig^^) and Eig^^)- However, a similar argument would fail 
in the proof of Proposition [TH1 whereas our given argument still goes through by assumption (A4). 
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Exploiting the isomorphism of C-algebras from Claim [31 the proof of Proposition 
H~8l is now obtained by changing the notation in the corresponding part of the proof of 
Proposition [I7J This finishes the proof of Proposition [T8j 

5. Some simply connected surfaces with special automorphisms 

In this section we construct for any integer g > 1 a simply connected surface Y g of 
geometric genus g and with special automorphisms. In the proof of Theorem [6] in Section 
[6J we will then apply the construction from Section @] to these surfaces. In Section [7J we 
will use the examples from Section [6] in order to prove Theorem [7J It is only the proof of 
the latter theorem where it will become important that 62 (^) tends to infinity if g does. 

5.1. Hyperelliptic curves with special automorphisms. For g > 1, let C g denote 
the hyperelliptic curve with affine equation y 2 = x 2g+1 - 1, see [14]. The complement of 
this affine piece in C g is a single point which we denote by 00. For a primitive (2g + l)-th 
root of unity C29+1, the maps 

(x,y) ^ (t2 9 +i-x,y) and (x,y)^ (x,-y) 

induce automorphisms of C g which we denote by n g and 1 respectively. Then, 1 has the 
(2(7 + 2) fixed points 

(l,0),(C 2 , + i,0),...,(C 2 2 9 9 +1 ,0)andoo. 

The automorphism r\ g fixes 00 and performs a cyclic permutation on the remaining fixed 
points. The corresponding permutation matrix has eigenvalues 1, C2 9 +i, • • • , C2g+i- 
The holomorphic 1-forms 

y 

where i = 1, . . . , g, form a basis of iy 1,0 (C 9 ). Therefore, rj* has eigenvalues C23+1, • • • , Cfg+i 
on H l '°(Cg). Moreover, 1 acts on H 1 (C g ,Z) by multiplication with -1. 

5.2. The elliptic curve E t . Let E t be the elliptic curve C/(Z©*Z), cf. Section^ Mul- 
tiplication by % and -1 induces automorphisms r\i and 1 of Ei respectively. The involution 
l has four fixed points. The action of r\i fixes two of those fixed points and interchanges 
the remaining two. On if 1,0 (i?j), the automorphisms 1 and r\i act by multiplication with 
-1 and % respectively. 

5.3. Quotients by the diagonal involution. For g > 1, we consider the product C g xEi, 
where C g and Ei are defined above. On this product, the involution 1 acts via the diagonal. 
This action has %+8 fixed points. Let C g x Ei be the blow-up of these fixed points. Then, 

(34) Y g := C~ZEi/i 

is a smooth surface. For instance, Y\ = K3(C\ x Ei) is a K3 surface, see Section ET 

Lemma 22. The surface Y g is simply connected. 

Proof. It suffices to prove that the normal surface 

Y' g := (C g x Et)/t 

is simply connected. Projection to the second coordinate induces a map 

TT'.Yj—tF 1 . 
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Let U £ P 1 be the complement of the 4 branch points of Ei -*■ P 1 . Then, restriction of tc 
to V ■= 7r _1 (f/) yields a fiber bundle ir\v 'V-*-U with fiber C g . Since U is homotopic to 
a wedge of 3 circles, the long exact homotopy sequence yields a short exact sequence 

— ► 7Ti(C s ) — 7Ti(y) — 7Ti(C0 — ► . 

Since 7r has a section, this sequence splits. Since V is the complement of a divisor in Yg, 
the natural map tti(V) -> iri(Yg) is surjective, see |SJ Prop. 2.10]. Therefore, the above 
split exact sequence shows that iri(Y g ) is generated by the fundamental group of a general 
fiber together with the image of the fundamental group of a section of ir. The latter is 
clearly trivial. Furthermore, the inclusion of a general fiber C g <-»■ Y' is homotopic to the 
inclusion of a special fiber C g /t = P 1 , which is simply connected. It follows that the image 
of iii(Cg) -> 7Ti(Yg) is trivial. This proves the lemma. □ 

Definition 23. Let Y g be as in (34\ ). Then we define the automorphisms f and f ofY g 
to be induced by n g x id and id xrji respectively. 

Lemma 24. The surface Y g with automorphisms f and f as above satisfies (A1)-(A4). 

Proof. In order to describe the second cohomology of Y g , we denote the exceptional P 1 - 
curves of Y g by D\, . . . , D 8g+8 . Then, for any field K: 

(35) H 2 (Y g , K) = H 2 (C g x E h K) ® I [DA ■ K\ . 

Thus, nontrivial rational (1, l)-classes on C g and Ei induce classes a and (3 in H 1 ' 1 (Y g , Q) 
which satisfy (Al). 

Using ( |35|) . it follows from the discussion in Sections 15. II and l5\2l that the actions of /, 
/' and /' o f- 1 on H 2 (Y g ,C) have eigenvalues 

{l,C2 5 +i,---,C 2 2 g + i}> {±1,±*} and {±l,±( 2g+1 ,...,±( 2 g l +1 ,±i-l,±i-( 2g ,---,±i-(2g +1 }, 
respectively. This proves (A2). Similarly, /* and /'* on H 1 ' 1 (Y g ,C) have eigenvalues 

{l,C2g+l,-.-,C 2 2 g + l} and {±1. =•=»}> 

respectively. Moreover, the action of /' o f- 1 on the space 0jf^ [Di] ■ C of exceptional 
divisors has eigenvalues 

{±1, ±C2 S +1, • - • ,±C 2 | + l}: 

whereas its action on ^^{Cg x Ei,C) has eigenvalues 

(1 5 1 ' C2g+1 ; ■ • ■ ) 1 " Q g +1 ■ ~ l ' Qg+l 1 • • ' ) _Z ' C2g+1 J ■ 

Using ( 135]) . this proves (A3) and (A4), which concludes the lemma. □ 

6. Multilinear intersection forms on H 2 (-,R) and f/' 1 ' 1 (-,C) 

Here we prove Theorem [6j This will be achieved by Lemma l25l and Theorem l26l below, 
where more precise statements are proven. 

Let n > 4 and g > 1. Moreover, let Y g be the simply connected surface with automor- 
phisms / and /' from Definition [23j We pick an ample divisor on Y g which is fixed by / 
and /'. A sufficiently large multiple of this divisor gives an embedding 



l : Y g -»■ P 



N 



with n < N + 4 such that the actions of / and /' fix the pullback of the hyperplane class. 
Next, let 

X g := Bl ZlU ... uZ5 (Y g x Y g x P") 
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be the blow-up of Y g x Y g x F N along Z\ u . . . u Z5, where Zi is defined in ffTT]) . Since 
n < A/" + 4, AT 3 contains a smooth n-dimensional complete intersection subvariety 

(36) T g , n c X 3 . 

Since Yg, / and /' are defined over Q[Csg+4] = Q[(2g+i,i], so is X g and we may assume 
that the same holds true for T 9i „. 

Lemma 25. Let n>2, then the variety T g ^ n from IfSh}) . as well as each of its conjugates, 
are simply connected. 

Proof. Since Y g is simply connected by Lemma l22| so is X g . By the Lefschetz hyperplane 
theorem, T 9) „ is then simply connected for n > 2. 

Since the curves C g and Ei in the definition of Y g are defined over Z, it follows that Y g is 
isomorphic to any conjugate Y g . Thus, Y g is simply connected and the above reasoning 
shows that the same holds true for T gn , as long as n > 2. This proves the lemma. □ 

The next theorem, which implies Theorem [6] from the introduction, shows that cer- 
tain automorphisms a e Aut(C) which act nontrivially on Q[Csg+4] change the analytic 
topology as well as the complex Hodge structure of T SjTl . 

Theorem 26. Let g > 1 and n > 4 be integers and let a e Aut(C) with o~(i) = i and 
cr (C2 9 +i) * C2 9 +i or vice versa. Then, the ^-multilinear intersection forms on H 2 (T gn ,M.) 
and H 2 (Tg n ,~R), as well as the ^-multilinear intersection forms on H 1 ^(T gw < C) and 
i/ 1 ' 1 (T^ n ,C) ; are not weakly isomorphic. 

Proof. For ease of notation, we assume a(i) = i and cr(C2 9 +i) = (20+1- The general case is 
proven similarly. 

Since the curves C g and E^ from Sections 15. II and 15.21 are defined over Z, it follows that 
the isomorphism type of Y g is invariant under any automorphism of C. Hence, we may 
identify Y g with Y° . Under this identification, f" 7 = f since i is fixed by a. Moreover, 
f a = f~ l , since it is induced by the automorphism 

r]^ xide Aut(C g x Ei). 

Suppose that the M-multilinear intersection forms on H 2 (T g ^ n ,'R) and H 2 (T gn ,M.) are 
weakly isomorphic. By Lemma EU Proposition [T7] applies and we obtain an M-algebra 
automorphism of H*(Y g ,M) with properties (PI) and (P2). By (PI), 

ip(i*h) = b-i*h 

for some b e K x . Since the square of i*h generates H A (Y g ,M.), it follows that in degree 4, 
the automorphism ip is given by multiplication with a positive real number. 
We extend ip now C-linearly and obtain an automorphism 

TP:H*(Y g ,C)^+H*(Y g ,C), 

which we denote by the same letter and which satisfies 

(37) ipof = f- l o 1 p and %p o f = f o^j. 

Let us now pick nontrivial classes u e if 1 '°(C g ) and ui' € H 1 ^°(E i ) with r]*u = ^29+1 ■ <*> 
and n*u)' - i ■ ui'. Then, uj u 00' lies in H 1 ' 1 (Y g ) and we consider ijj(u u u') in H 2 (Y g ,C). 
By (I3T1) . J -1 and /' act on this class by multiplication with £ 25+ i and -i respectively. We 
claim that the only class in H 2 (Y g ,C) with this property is ujuu' and so 

(38) ifj(uuZ/) = X-ZJuTJ 7 
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for some non-zero A € C. Indeed, since r]i interchanges two of the fixed points of i on 
Ei and fixes the remaining two, /'* has eigenvalues ±1 on the subspace of exceptional 
divisors in f )35|) . Therefore, ip(uuu') needs to be contained in H 2 (C g x E^C). On this 
subspace, f" 1 * and /'* are given by (rj' 1 x id)* and (idx^)* respectively. Our claim 
therefore follows from the explicit description of n g and rji in Sections 15.11 and 15.21 
Together with its complex conjugate, equation (|38|) shows: 

ip(uj uoo' uZJuu') = -\X\ 2 -luulj' uZJuu'. 

Since the above degree four class generates H 4 (Y g , C), we deduce that ip is given in degree 
four by multiplication with -|A| 2 . As we have seen earlier, this number should be positive, 
which is a contradiction. This finishes the proof of the first assertion in Theorem 1261 

For the proof of the second assertion, assume that the C-multilinear intersection forms 
on H 1 ' 1 (Tg jn ,C) and if 1 ' 1 (Tf r n ,C) are weakly isomorphic. By Lemma [2^1 and Proposition 
\TT\ this yields an automorphism ip of H 1 > 1 (Y g ,C) which satisfies ( l3Tj) . Then, J -1 and /' 
act on ip(uDu') by multiplication with (2g+i and -i respectively. This is a contradiction, 
since H 1 ' 1 (Y g ,C) does not contain such a class. This finishes the proof of the theorem. □ 

Recall that T g<n is defined over the cyclotomic number field Q[Csg+4]- This number field 
contains the totally real subfield 

For instance, K\ = Q[v3]. From Theorem [26], we deduce the following 

Corollary 27. Let K g £ K £ C be fields, and let a £ Aut(C) with o~(i) = i and cr(C2g+i) + 
C29+1 or vice versa. Then the intersection forms on the equidimensional vector spaces 
H 1 ' 1 (T g ^ n ,K) and i^ 1 ' 1 (T^ n ,X) are not weakly isomorphic. 

Proof. By Theorem [261 it suffices to prove that the (1, l)-classes on T gn are spanned 
by K 3 -rational ones. Modulo divisor classes, H^iTg^n) is given by /7 1 ' 1 (y 3 ) ® H^iYg). 
Furthermore, modulo divisors, H x ' l (Yg) is given by the 6-invariant classes on Ei *C g . The 
complex Hodge structure of Ei and C g is generated by Q[i]- and Q[(2#+i]-rational classes 
respectively, see [Hj for the latter. We may also arrange that the induced generators of 
H x ' l (Yg) are invariant under complex conjugation and thus lie in the subspace of K g - 
rational classes. This concludes the proof of the corollary. □ 

Remark 28. Our types of arguments are consistent with Conjecture^ in the sense that 
they cannot detect conjugate varieties with non-isomorphic algebras of ^-rational (p,p)- 
classes. This is because the essential ingredient in the proof of Theorem [26| is a variety 
Y with an automorphism whose action on H P ' P (Y,K) has a set of eigenvalues which is 
not Aut (C) -invariant. (In our arguments, this role is played by the surface Y g with the 
automorphism f o f~ l .) For K = Q, the characteristic polynomial of such an action has 
rational coefficients and so the above situation cannot happen. 

7. NON-HOMEOMORPHIC CONJUGATE VARIETIES IN EACH BIRATIONAL EQUIVALENCE 

CLASS 

In this section we prove Theorem [71 For this purpose, let Z be a given smooth complex 
projective variety of dimension > 10. Next, let T 9j4 be the four- dimensional smooth 
complex projective variety, defined in ( 136|) . By ( TH| and (j35|) . the second Betti number 
of T 9 4 equals 24g + 26. We may therefore choose an integer g > 1 with 

(39) b 2 (T gA )>b 4 (Z)+A. 
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From some projective space, Z is cut out by finitely many homogeneous polynomials. 
We denote the field extension of Q which is generated by the coefficients of these poly- 
nomials by L. Since L is finitely generated, and after possibly replacing g by a suitable 
larger integer, we may pick an automorphism a of C which fixes L and i but not (,2g+i- 

Since T 5j4 has dimension 4, it can be embedded into P 9 . The assumption dim(Z) > 10 
therefore ensures that we may fix an embedding of T 9i4 into the exceptional divisor of the 
blow-up Z of Z in a point p e Z . We then define the following element in the birational 
equivalence class of Z: 

(40) W:=Bl Tg4 (Z). 

Since conjugation commutes with blow-ups, the cr-conjugate of W is given by 

(41) W* = BIT./Z*), 

where Z a is the blow-up of Z a in a point p a e Z a and T°" 4 is embedded in the exceptional 
divisor of this blow-up. Since a fixes L, we have Z a = Z. Therefore, W and W a are both 
birational to Z. Hence, Theorem [7] follows from the following result. 

Theorem 29. Let W and a be as above. Then the graded even-degree real cohomology 
algebras of W and W°~ are non-isomorphic. 

Proof. For a contradiction, let us assume that there is an isomorphism 

7 : H 2 *(W,R) — ► H 2 *(W a ,R) 

of graded R-algebras. Using pullbacks, we regard H 2 * (Z,R) £ H 2 *(Z,R) and H 2 *(Z a ,R) c 
H 2 *(Z a ,R) as subalgebras of H 2 *(W,R) and # 2 *(W/ CT ,IR) respectively. By LemmaEl 

(42) H 2 (W, R) = H 2 (Z, M) © [H ] • R © [D] ■ R, 

(43) E 2 (W\ R) = H 2 (Z a ,R) © [H a ] ■ R © [D u ] ■ R, 

where H c Z and H a c Z a are the exceptional divisors above the blown-up points, and 

y.D^W and f : D a ^ W a 

are the exceptional divisors of the blow-ups along T 9j4 and T^ 4 respectively. 

Any cohomology class of positive degree on Z is Poincare dual to a homology class which 
does not meet the center of the blow-up Z -*■ Z. This shows that for any 7/ € H k (Z, R), 
with k > 1, and for any a e H*(D,R), 

r]u[H] = and r]uj t (a)=0. 

A similar statement holds on W a and we will use these properties tacitly. 

The restriction of -[H] to H c Z is given by ci((9f/(l)); its restriction to T 5i4 is 
therefore ample. By Lemma [U we have 

b 4 (W) = b 4 (Z) + b 2 (T gA ) + 2. 

It then follows from (T39|) that the second primitive Betti number of T gA is bigger than 
6 4 (W / )/2. Since T 9)4 is four-dimensional, and since -[H] restricts to an ample class 
on T gA , it follows that H 2 (Z,R) © [H] ■ R inside H 2 (W,R) is given by those classes 
whose multiplication on H A (W, R) has kernel of dimension bigger than 6 4 (VU)/2. A 
similar statement holds for H 2 (Z a , R) © [H a ] -R inside H 2 (W a ,R) and so 7 needs to take 
H 2 (Z,R) © [H] -R to # 2 (Z CT ,R) © [H a ] -R. Since 7 is an isomorphism, it follows that 

(44) 1 ([D])=a a + a-[H (7 ] + b-[D a ] 
holds for some a CT e iJ 2 (Z CT ,R) and 6^0. 
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Cup product with [D] on H 2 (W, R) has two-dimensional image, spanned by [D] u [H] 
and [-D] 2 . For any j3 a e H 2 (Z a ,R), the following classes are therefore linearly dependent: 

7 (LD])u/r, 7 ([D])u[// CT ] and 7 ([D]) u [D°]. 

Since 6^0, this is only possible if a a u /3 a = for all /3 CT . Hence, a CT = 0. 

Since a a = 0, it follows from [D] u[H]*Q that j([H]) e # 2 (Z CT ,R) e [H*] -R cannot 
be contained in // 2 (Z CT ,]R) and hence 

7([JJ]) = a* + c[fr] 

for some <S°" e i^ 2 (Z <T ,R) and c £ 0. As cup product with [if] on H 2 (W, R) has two- 
dimensional image, the above argument which showed a CT = 0, also implies a CT = 0. Thus, 
7 takes [H] -R to [# ff ] • R. It follows that 7 takes H 2 (Z,R) to # 2 (Z CT ,R), since these 
are the kernels of cup product with [H] and [H a ] respectively. 

Since T g4 is four-dimensional, we have [H] 5 u [D] = 0. Then application of 7 yields: 

c 5 ■ [# CT ] 5 u (a • [# ff ] + b ■ [D a ]) = 0. 

Since [if CT ] 5 u [D a ] vanishes, whereas [if CT ] 6 is nontrivial, it follows from c * that 
a vanishes. Thus, 7 maps [D] ■ R to [D a ] ■ R and we conclude that 7 respects the 
decompositions (jl2"j) and (H3]) . 

The latter implies that 7 induces an R-linear isomorphism between the ideals ([-D]) £ 
# 2 *(W,R) and ([D a ]) c i^ 2 *(H^ CT ,R). In order to state the key-property of this iso- 
morphism, we identify cohomology classes on T 9j4 and T°" 4 with their pullbacks to the 
exceptional divisors D and D a respectively. 

Lemma 30. For every a e H 2k (T gt 4,R), t/iere exists a unique a a e H 2k (T° 4 ,R) such that 

Proof. For < A; < 2, let us fix some a e i^ 2A; (T 9i4 ,R) and note that 

# 2fe+2 (M/ CT ,R) = # 2/c+2 (Z ff ,R) e [H u f +l -Re j°(H 2k (D a ,R)). 

Since 7 maps [D] to a multiple of [D a ], and since products of [D a ] with positive-degree 
classes on Z a always vanish, the above identity shows 

j([D]uj*(a)) = [D°] u jT(« ct ) + e • [D CT ] u [/T] fc+1 , 

for some a a e iJ 2fc (D CT ,R) and e € R. The restrictions of -[H] to T 9>4 and -[H a ] to T 9 ff 4 
are ample classes u e if 2 (T 9j4 ,R) and w " e if 2 (T°" 4 ,R) respectively. 

Now suppose that a in the above formula is primitive with respect to to. Then the cup 
product of the above class with 7 ([H]) 5 ~ 2k vanishes. Since 7([H]) is a multiple of [i? CT ], 

[D a ] uj:(a ff u (u a f- 2k ) + e ■ (-l) k+1 jZ((oo CT f- k ) = 0. 

This implies firstly that e = and secondly that a a u (oj°~) 5 ~ 2k vanishes as class on D a . 
By the Hard Lefschetz Theorem, the latter already implies that a a , which a priori is only 
a class on D a , is in fact a primitive class on T%. 

For arbitrary a e H k (T g 4,R), the existence of a a now follows - since 7 takes [H] -R to 
[H a ] ■ R - from the Lefschetz decompositions with respect to u) and a>°"; the uniqueness 
is immediate from Lemma |9j This concludes Lemma |30j D 

By Lemma [301 we are now able to define an R-linear map 

<P:H 2 *(T gA ,m)^H 2 *(T° 4 ,R), 

by requiring 

7([£]uj»(a)) = &-7([£])utf(#a)) 
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for all a e H*(T g ^,M.), where b is, as above, the nontrivial constant with 7([-D]) = b-[D a ]. 
Applying the same argument to 7 -1 , we obtain an M- linear inverse of (p. 

By Theorem |26l cannot be an isomorphism of algebras and so we will obtain a 
contradiction as soon as we have seen that 4> respects the product structures. For this 
purpose, let a and j3 denote even-degree cohomology classes on T ffj4 . Then, by Lemma |9] 
and dni it suffices to prove 

fe-7([ J D]) 3 ujT(0(«u/3)) = 6- 7 ([ J D]) 3 u J T(0(a)u0(/?)). 

Using 03]), the latter is seen as follows: 

^7([ J D]) 3 ujT(0(au/3)) = 7 ([D]) 2 u 7 ([ J D]u J ;(au/?)) 

= 7 (P] 2 uj t (l)uj,(«u/5)) 

= y([D]uj*(a)u[D]uj*(f3)) 

= 6 2 - 7 ([ J D]) 2 uj-(0(a))uj-(0(/3)) 

= 6 2 - 7 ([ J D]) 2 ujT(l)ujT(0(a)u0(/?)) 

= 6-7([ J D]) 3 u^(0(a)u0(/3)). 

This concludes the proof of Theorem [29j □ 

8. Examples with non-isotrivial deformations 

In this section we prove that the examples in Theorem UJ may be chosen to have non- 
isotrivial deformations. Here, a family (X s ) s ^s of varieties over a connected base 5* is 
called non-isotrivial if there are two points Sq,Si e S with X so £ X S1 . The idea of the 
proof is to vary the blown-up point p e Z in the construction of Section [7J In order to 
state our result, we write X ~ Y if two varieties X and Y are birationally equivalent. 

Theorem 31. Let Z be a smooth complex projective variety of dimension > 10. Then 
there is a non-isotrivial family (W p ) p(L u of smooth complex projective varieties W p over 
some smooth affine variety U, and an automorphism a e Aut(C) such that for all p e U: 

W P ~Z~W£ and H 2 *(W P ,R)$H 2 *(W^R). 

Proof. As in Section [7J we may pick some a e Aut(C) and some g > 1 such that 

Z = Z a , a(i) = i, o-(( 2g+1 ) + ( 2g+l and b 2 (T gA ) > b 2 (Z) +4. 

Next, let U £ Z be a Zariski open and dense subset with trivial tangent bundle. Let 
A £ U x Z be the graph of the inclusion U ■-> Z and consider the blow-up Bl&(U x Z). 
The normal bundle of A in U x Z is trivial, since 17 has trivial tangent bundle. Hence, 
the exceptional divisor of Bl&(U x Z) is isomorphic to A x P n_1 . Since n > 10, we may 
fix an embedding of A x T g ^ into this exceptional divisor and consider the blow-up 

Bl AxTg ABl A (UxZ)). 

Projection to the first coordinate then gives a family 

(W P ) peU 

of smooth complex projective varieties, birational to Z. Then, for all p e U, the conjugate 
varieties W p and W p are as in (140]) and (14"T]) respectively. Thus, W p ~ Z and H^" ~ Z a '. 
By Theorem 1291 and since Z = Z a , we obtain for all p e U: 

W P ~Z~W° and i/ 2 *(H/ p ,M)^if 2 *(H7,M). 

To conclude Theorem |3T1 it therefore remains to prove 
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Claim 4. After replacing Z by another representative of its birational equivalence class, 
and for a suitable choice of U , the family (W p ) p£ u is non-isotrivial. 

Let us prove this claim. By the arguments of Theorem |29l one sees that any iso- 
morphism g : W p -*■ W q induces an isomorphism g* on cohomology which respects the 
decomposition ()42j) . This implies that g respects the exceptional divisors and thus in- 
duces an isomorphism of Z which takes p to q. 

The above argument, applied to p = q, shows that W p admits no automorphism which 
takes points from the exceptional divisors to Z -{p}. In particular, W p contains a Zariski 
open subset with trivial tangent bundle and with two points that cannot be interchanged 
by an automorphism of W p . Since W p is birational to Z, we may therefore, after possibly 
replacing Z by another representative of its birational equivalence class, assume that U 
already contains points p and q which cannot be interchanged by any automorphism of 
Z. Then, as we have seen, W p and W q are not isomorphic. This finishes the proof of 
Claim H] and so concludes Theorem [31] D 

Remark 32. In contrast to Theorem lSli most of the previously known examples of non- 
homeomorphic pairs of conjugate varieties tend to be rather rigid and do in general not 
occur in non-isotrivial families. This was already observed by D. Reed in [10]. However, it 
is often possible to obtain non-isotrivial families as products of previously known examples 
with non-rigid varieties, e.g. one could take products of Serre's examples [12] with a K3 
surface, since the latter as well as all of its conjugates are simply connected. 
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